Introduction
We would like to describe in this lecture some new results obtained jointly with Jan Derezinski about the quantum scattering for evolutions generated by time-dependent hamiltonians of the form H(t) = 1 2 D 2 + V (t; x);
(1.1)
for long-range potentials V . This results will appear in a book D-G] published by Springer Verlag in the collection Texts and Monographs in Physics. We will mainly be interested in the properties of the modi ed wave operators (among which unitarity is of course the most important) and of other observables which appear naturally in scattering theory. This class of problems is probably not as well motivated physically as the one associated with timeindependent hamiltonians H = 1 2 D 2 + V (x):
(1.2)
Nevertheless, from the mathematical point of view, time-dependent systems constitute a very natural class to study the scattering theory. Most of the results about the scattering for systems that belong to this class can be formulated and developed in a particularly clean and simple way. Another reason for their study is that in practice, if one is studying a time-independent system like (1.2) it is very convenient to reduce the problem to a time-dependent one. For example the simplest scheme of proof of asymptotic completeness for long-range time-independent potentials consists in two steps. In the rst step one proves a rough propagation estimate which pinpoints the di erence between bound states and scattering states. The Mourre estimate M] or the RAGE theorem are two examples of tools used in this rst step (see for example E1], E2], S-S], Gr]). In the second step, one has to prove some sharper propagation estimates for scattering states which are inspired by classical mechanics. This second step can be carried over in a rather simple way by reducing oneself to a time-dependent problem. Let us now give the content of this lecture. In Section 2, we will consider the scattering theory for time-dependent forces in classical mechanics. This serves as a guideline for what to expect in the quantum case. In Section 3 we study time-dependent hamiltonians under minimal smoothness assumptions on the potential. We prove here existence and completeness of the modi ed wave operators. In Section 4, we study for smooth long-range potentials the properties of the wave operators and of the asymptotic momentum and asymptotic position observables. In Section 5, we give an alternative de nition of the wave operators. We prove also that the propagator and the wave operators can be written as Fourier integral operators. Finally in Section 6, we give a rather standard counterexample to asymptotic completeness for long-range potentials.
classical time-dependent forces
In this Section we would like to study the scattering theory for the solutions of Newton's equations with a time-dependent force. Let us rst introduce some notations. we consider the equations of motion in the presence of a time-dependent force F(t; x) ( @ t x(t) = (t); @ t (t) = F(t; x(t)):
Note that the force F does not need to be conservative, i.e. to be the gradient of a potential. Similarly we will see that in the quantum case only the conditions on the gradient of the potential are important. Su cient conditions for the global existence of the solutions to (2.3) are for example for all T 1 T 2 < 1. The solution of (2.3) with initial condition x(s) = y; (s) = , will be denoted by (x(t; y; ); (t; y; )) :
We will interchangeably use the word`trajectory' for the phase-space trajectory (x(t); (t)) and for the con guration space trajectory x(t).
We will start our exposition of the scattering theory for (2.3) with a construction of the so-called asymptotic momentum. x(t; y; ) t = + (y; ):
Theorem 2.1 gives a partial classi cation of all trajectories. Namely, they are classi ed by the limit (2.7). One would also like to classify all trajectories corresponding to a given asymptotic momentum. Obviously the asymptotic momentum alone is not enough to determine a trajectory, since it is an n?dimensional quantity and a trajectory depends on 2n initial conditions. In the short-range case (see for example Si]), it is possible to classify them in a natural way by elements of the con guration space X. Indeed one can compare a trajectory with asymptotic momentum with the free trajectory with the same asymptotic momentum x 0 (t) = t : where the free ow 0 (t) is de ned by 0 (t)(x; ) = (x + t ; ):
In the long-range case, the limit (2.8) typically does not exist. The trajectories with a given asymptotic momentum cannot be compared with free trajectories. However they can be classi ed in a natural way by elements of the a ne space X. This classi cation is the subject of the next theorem, which was rst proven by I. Theorem 2.2 means that the space of trajectories with a given asymptotic momentum has the structure of an a ne space. To turn it into a vector space, we have to x an`origin' in this space. Unlike in the short-range case, where we could use the free trajectory x 0 (t; ) = t to x the origin in a natural way, in the long-range case, we have to make an arbitrary choice. Namely, we need to choose for each 2 X 0 , a trajectory Y (t; ), with the asymptotic momentum .
To make this more precise, let us introduce some notation. For t 1 t 2 1 and (x; ) 2 X X 0 , we denote byỹ (s; t 1 ; x; ) the trajectory for the force F such thatỹ (t 1 ) = x; @ tỹ (t 2 ) = : Such a trajectory exists under the hypothesis (2.9) if t 1 is large enough. We will denote for T large enough Y (t; ) :=ỹ(t; T; 1; 0; ): (2.10) So Y (t; ) is the unique trajectory with asymptotic momentum starting at the origin at time T. Note that the choice of t 1 = T and of x = 0 is completely arbitrary.
We can now use Y (t; ) as an origin to classify the trajectories having asymptotic momentum equal to . Using Theorem 2.2, we can de ne
De nition 2. x(t; y ) ?Ỹ (t; (t; y; )):
In the conservative case, this Theorem allows to recover the wave transformation with a formula which is familiar from the quantum case. Indeed if we denote by Ỹ (t) the following modi ed free ow
De nition 2.5 The modi ed free ow is Ỹ (t)(x; ) = (x +Ỹ (t; ); ):
Note that the modi ed free ow conserves the momentum component. In the conservative case, due to (2.12), it is moreover symplectic.
Quantum time-dependent hamiltonians
In this Section, we consider time-dependent hamiltonians
As explained in the Introduction, this allows to simplify the exposition of many points of scattering theory. However it also leads to a technical di culty: when does a time-dependent hamiltonian generate a unitary dynamics, and what does it mean? It turns out that the following notion of a solution of the time-dependent Schr odinger equation is su cient to make sense of the propagation estimates that we will need below and at the same time allows for a rather large class of examples.
We x an unbounded self-adjoint operator B with a dense domain in a Hilbert space H. We As in the classical case, we star our exposition of the scattering theory with the construction of the asymptotic momentum. There exists a vector of commuting self-adjoint operators P + with a dense domain such that (3.14) equals g(P + ).
Moreover for f 2 C 1 (X) the strong limit s? lim t!1 U(0; t)f x t U(t; 0) (3.15)
exists and equals f(P + ). Let us point out that the last condition in (3.13) is needed only to ensure that D + has a dense domain.
A su cient condition is for example
for some < 1 2 . The asymptotic momentum observable gives a classi cation of all states according to their asymptotic behaviour under the evolution U(t; 0). Clearly to understand the evolution U(t; 0) we need rst of all to study the spectral properties of D + .
From this point of view, one can reformulate the basic problem of scattering theory, existence and unitarity of wave operators, as follows: when is the asymptotic momentum unitarily equivalent to the momentum ?
One can view this property as a de nition of asymptotic completeness in the long-range case which is independent of a speci c choice of a modi ed free evolution. It turns out that to have this property one needs also an estimate on the rst derivative of the force F(t; x). In fact we will give in Section 6 an example of a time-dependent potential V (t; x) such that 0 belongs to the point spectrum of D + .
The most commonly used construction of unitary operators implementing this unitary equivalence, which we will give in this section, resembles that of usual wave operators of the short-range case. Therefore, these unitary operators are usually called modi ed wave operators.
The main result of this Section is the following theorem: exist. In other words the modi ed wave operators exist and are complete. In H o] the existence and completeness of modi ed wave operators was proven using a stationary method. The assumptions on the long-range part of the potential were stronger, corresponding to replace a condition f(R) 2 L 1 (dR) by f(R) 2 O(R ?1? ) for > 0.
Let us nally notice that using a regularization as in H o], a potential V (t; x) can satisfy the conditions in Theorem 3.2 without being twice di erentiable. To end this Section, we would like to formulate a conjecture about the asymptotic position observable. In Theorem 3.2, the asymptotic position is obtained as the strong resolvent limit of Here the function Y (t; ) is de ned in (2.10), and the observable Y (t; D + ) is de ned through the functional calculus for a commuting family of selfadjoint operators. This conjecture is probably di cult to prove under the minimal assumptions of Theorem 3.2. However even for the smooth potentials considered in Section 4, a proof of (3.28) would be of much interest.
Smooth long-range potentials
In this Section we would like to study the smoothness properties of the various objects that we constructed in the preceeding Section, like the wave operators, the asymptotic momentum and the asymptotic position observables. Before stating the results, we would like to introduce some notations.
Let S(dx 2 + d 2 ) denote the set of functions on X X 0 such that j@ x @ a(x; )j C ; ; ; 2 N n : In all this Section and in the next one, we will assume that the potential V satis es the following smooth long-range condition So in the short-range case the wave operators are unitary pseudodi erential operators of order 0. We will give in Section 5 a corresponding result about the nature of the long-range wave operators.
As indicated above there is no asymptotic calculus in the algebra (dx 2 + d 2 ). To get pseudodi erential operators in a class with an asymptotic calculus, we have to let the various observables depend on a large initial time s. Accordingly we introduce the following notations. We put x(t; s) := U(s; t)xU(t; s); D(t; s) := U(s; t)DU(t; s);
x l (t; s) := x(t; s) ? r S(t; D(t; s)):
We also need to de ne new classes of symbols. For a positive real function f, we denote by (f(t); g 0 (t)) the algebra of operators A = a w (t; x; D) with j@ x @ a(t; x; )j C ; f(t)hti ?j j ; ; 2 N n : Note that the Planck constant associated to the algebra (f(t); g 0 (t)) is equal to hti ?1 . Similarly we denote by L 1 (f(t)dt; (g 0 (dt))) the set of operators A = a w (t; x; D) with uniformly for s t. This fact is proved using Beals criterion and the equation (4.34). Note that one could give a more complicated proof similar to the original proof of Egorov's theorem by writing the propagator U(t; s) as a Fourier integral operator as we will see in the next Section.
Wave operators and Fourier integral operators
In this Section we will give an alternative de nition of the wave operator which is similar to the one considered in the time-independent case by Isozaki and Kitada I-K] . We will then write the propagator and the wave operators as Fourier integral operators. The alternative de nition of the wave operators is based on a solution of the eikonal equation. This function is obtained as the limit of the di erence of two solutions of the Hamilton-Jacobi equation. More precisely, one can prove the following facts. For T s t < 1 and T large enough, there exist a unique function S(s; t; x; ) such that ( @ t S(s; t; x; ) = 1 2 2 + V (t; r S(s; t; x; )); S(t; t; x; ) = hx; i; iii) + J is equal to + de ned in Theorem 3.2. Note that the limit in the above Theorem is a norm limit so the convergence in ii) is much better than usual. Note also that this Theorem is the exact quantum analog of Proposition 5.1 ii).
We will next give exact expressions of the propagator and of the wave operators as Fourier integral operators. We have the following result: Again we have a perfect analogy between the classical and quantum problem. Note that the identities in Theorem 5.3 are exact and not asymptotic. Similar asymptotic expressions for the propagator were given earlier by Kitada K] .
One may ask if one can put T = 0 in the above theorem. In general one cannot extend the solution of the Hamilton-Jacobi equation (5.35) up to arbitrary time s because of the possible presence of caustics. However one can still write U(t; 0) uniformly for t 0 as a Fourier integral operator associated with the canonical relation (t; 0) if one uses more integration variables in (5.38). This follows by writing rst U(t; 0) as a Fourier integral operator for 0 t 1 and using then the group property.
6 A counterexample to asymptotic completeness
In this Section, we will give a counterexample to asymptotic completeness which is inspired by a construction of Yajima Ya] . Another class of counterexamples has been given by Yafaev Y] .
We start with the observation that the unitary evolution U 1 (t) generated by the time- 
